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Basic Solow Model

Solow (1956, 1970) introduced a model of economic growth

@ Basis for most growth theory, for Real Business Cycle models and
New Keynesian modeling

@ several very specific and testable results about growth

Kydland and Prescott (1982)
@ Stochastic version to study business cycles

e Real Business Cycle theory
o New Keynesian models
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Basic Solow Model

Solow’s model:
@ CRS production function, law of motion for capital and savings rate

@ Equilibrium conditions: Investment = Savings

From this simple model
o First-order difference equation
e evolution of capital per worker

@ Time path of the economy

Advanced Macroeconomics | CAEN/UFC - March 2019 Solow Growth Model



Solow Growth Model The Basic Model
Technological Growth and the Golden Rule
A Stochastic Solow Model, Log-Linear Version

The Basic Model

The production function
Yj_— — AtF<Kt, Ht)

Y:: output of the single good in the economy at date t
A;: level of technology

o Ay = (14 a)tAo, where Ay is the time 0 level of technology and «
is the net rate of growth of technology

K;: capital stock
H;: quantity of labor used in production

F (K, Hy): homogeneous of degree one
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The Basic Model

Output per worker: y; = Y;/Hs.

Y K: H;
= -_— p— A F —’ —
Yt H, t H,' H,
AtF (ke 1)
Af (ke)

k¢: capital per worker
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The Basic Model

Labor force grows at a constant net rate n

Ht-i-]. = (1 + n)Ht

Capital law of motion
Kt+1 - (1—(5)Kt+ It

0: the depreciation rate
I investment at time t
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The Basic Model

Capital per worker grow according to the rule

P (1 =0k + it
t+1 T 1aan
Savings: fixed fraction ¢ of output
St = Oyt

Equilibrium in a closed economy:: iy = s;
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The Basic Model

Capital difference equation:
(I4+nker = (1=0)ke+0(1+a) Aof (ki)

Simplest case: technology growth is zero (« = 0)

(1+n)kt+1 = (1—5)kt+UAOf<kt)

Stationary state: kyr1 = kt =

1+ mk = (1—8)k+cAdf(k)
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The Basic Model

Stationary state: ki1 1 = ky = k
(1+nk = (1-06)k+0cAsf(k)
or when

(6+n)k = cAof(k)

@ There is a stationary state at k = 0 and one for a positive k.

@ All economies with ky # 0 converge to the + stationary state.
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The Basic Model

Stationary state: k;11 = k; = k
(1+nk = (1-06)k+0cAsf(k)
or when

G+nk = oAf(k)

Stability conditions of the positive stationary state

(1— 6)ke + 0 Aof (k)

kiri =glke) = 11 n
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The Basic Model

Important results of the Solow growth model

o If all economies have access to the same technology, poorer ones
(those with less initial capital) will grow faster than richer ones
(those with more initial capital).

Let ¢ = ker1/ ke

_ (1 —6)ke + oAof (k)
ke (1+ n)ke

e = ki1

Take the derivative of 4 with respect to k; to see how the growth rate
depends on the initial capital stock.
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The Basic Model

_ ke (1 —0)ke + oAof (ke)

kt - (1 + n)kt

Take the derivative of 7+ with respect to k; to see how the growth rate
depends on the initial capital stock

7

e = @ [ keke—f(ko)]

which is negative when k; > 0.

@ Growth rate of capital declines as the capital stock increases
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The Basic Model

Main results of the simplest version of the Solow model

When all countries have access to the same technology and all have the
same savings rate

@ all countries converge to the same levels of capital and output per
worker and

@ poorer countries grow faster than richer ones
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Technological Growth

With a constant rate of technological growth, all economies converge
toward a Balanced Growth Path (BGP)

@ BGP: growth rate of capital and output are constant

Cobb-Douglas production function f(k;) = k¢

@ 0: fraction of the economy’s income that goes to capital.

We are looking for an equilibrium where capital grows at some unknown
constant rate v = k¢+1/ ke
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Technological Growth

Normalize initial technological level Ag =1

_ken . (L=08)ke+o(1+a)tk!
ke (L4 n)ke
(1-96) o1
i+n 1+

+
+a)t
n)ki~°

Rearranging....

k= [<1+Z()1«Y+—0?)1t—5>] "

1

o 1-0

= @ [(Hn)v—

(1—5)]
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Technological Growth

Along a balanced growth path, the constant growth rate of capital per
worker v must be equal to

1
t+1 1-0
1+w)ie o
A= kt+1 _ ( ) |:(1+n)'y—(1—5):| _ (1 + {X)ﬁ

1
_t -0
(I+a)re [(1%)5-(1-5)}

ke

And along this path, output per worker (also) grows by

Yerl (1—|—uc)ﬁ — 2
Yt
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The Golden Rule

Welfare: function of only consumption

@ Maximize welfare in a stationary state - maximize the steady state
level of consumption

The savings rate that maximizes consumption:

@ The golden rule saving rate

Since production can be either saved (invested) or consumed, the per
worker consumption is

¢ =(1—0)yr = (1—0)Aof(k)
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The Golden Rule

Per worker consumption

¢ =(1-0)ye =(1-0)Adf(k)

For an economy without technological growth, the condition for a
stationary state is

(6+n)k = cAof(k)

Substituting the condition for the stationary state into the consumption
equation

¢ = Aof(k)—(6+n)k
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Solow Growth Model

The Golden Rule

¢ = Aof(k)—(6+n)k
First-order conditions for maximizing consumption give
Aof' (k) = (5+n)
Put the value of k* that solves the equation above in
(6+n)k* = cAof (k¥)
and solve for the savings rate 0. The golden rule value of ¢ is

(6 + n)k*
Aof (k*)
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The Golden Rule

Assume Cobb-Douglas production function f(k;) = k.
@ Show that o = 6.

@ Briefly discuss the intuition.
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Stochastic Solow Model

Adding a stochastic shock to the standard Solow model

@ a technology shock and a shock to the savings rate are essentially
identical - they affect the evolution of output

@ other variables: discount factor; growth rate of population
Assume technology is stochastic
o Effects of stochastic technology growth:

e Basis for RBC theory

Several ways of defining the stochastic process for technology.
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Stochastic Solow Model

First-order moving average
A = YA+ (1-9)Ai1+e

where 1 € (0,1) and A > 0. Probability distribution of ; bounded from
below by —A

Alternative process

€+ normal distribution, mean 0

@ A;: log normal distribution of the form
In At = In A + &
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Stochastic Solow Model

The first-order difference equation that describes the time path of the
economy in the model is mechanical, in the sense that the savings rate is
a constant, and equation (1) is written simply as

(1 —8) ks + oAettf (k)
1+n (2)

ket1

Divide both sides of this equation by k; to get the growth rate
Y+ = key1/ ke, on the LHS, rearrange and then take logarithms.

1-6| gA f(ke)
In[’yt—1+n] = In1+n+ln k. + et (3)
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Stochastic Solow Model

Assume a Cobb-Douglas production function - equation (3)

1-6
In [’Yt_l—}—n] = ¢—(1—0)Ink: +¢;

where ¢ = In[cA/(1+ n)].

@ Gross growth rate of per worker capital: nonlinear function of the

current per worker capital stock and of the shocks.

@ Variance of the growth rate of per worker capital depends on the

initial level of per worker capital as well as the variance of the
shocks.
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Log-Linear Version

Given that the model is nonlinear, a simple expression for the variance of
per worker capital in terms of the shocks is not easy to find or even to
define in general.

Possible to find a linear approximation of the model around a SS
@ Study 2nd-order characteristics of the model

e e.g., size of the technology shock that is required so that the variance
of output is similar to that of real economies around their long-term
trend

@ This part is important for understanding the process of producing a
log-linear version of a model
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Log-Linear Version

Define a log differences of a variable X; as
X = InX;—InX

X; is the time t value of the variable
X is its value in the stationary state

This definition of the log differences allows us to write
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Log-Linear Version

Rules for first-order approximations (small values of X; and Y;)

ext ~ 1 + Xt
eXt+aYt ~ 1 =+ Xt + th
XYy =~ 0

E; [aex‘“} ~ E; [aXt+1] + constant
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Log-Linear Version: Capital

Stochastic, Cobb-Douglas, zero technology growth version of the
first-order difference equation

(1+nk1 = (1—08)k; +oAetk!
replace k; by ke®, where k = Ink; — In k.
(1+ n)kef = (1—6)keR + ocAetk? ek
which becomes (rule approximation)

(1+mk(14+ky1) = (1—=0)k(1+k)+0AQ+e,)k(1+0k;)
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Log-Linear Version: Capital

The first-order difference equation (approximation)
(1+mk(14+ky1) = (1—=0)k(1+k)+0A1+e)k(1+0k;)
In the nonstochastic stationary state
(1+nmk = (1-0)k+cAK°
Removing the nonstochastic stationary state terms from the
approximation above gives

(14 n)kkey1 = (1 —68)kks + 0Aeik® + cAKP Ok, + +0 Ak B k;
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Log-Linear Version: Capital

(1+n)kker = (1—08)kke + 0Aeck® + 0 AR Ok, + +0AK%0e ck;

Since €.k =~ 0, this becomes
(1+n)l}l}t+1 = <1—5)EEt+UAStR9+UAE99Et
Combining terms, we arrive at the first-order difference equation

l;t+l - Bk} + Cgt (4)
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Log-Linear Version: Capital

.... the first-order difference equation
i(’t+1 = Bl;t + Cet

where

1-6  00AK®"Y 1-6  6(6+n)

B = —
1-|-n+ 1+4+n 1+4+n 14+n
_ 1—i—9n—c5(1—9)<1
14+n
Akl §4n
C = =
1+n 1+n
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Log-Linear Version: Capital

Recursively substituting k;_; for j =0, ..., o in equation (4) results in
the approximation

/;H—l = CZBiet—i (5)
i=0

We can use expression (5) to calculate the variance of capital around its
stationary state k;y1 as

var (key1) = E [kepikesa]

= E CiB’st_; CiB’st_;
i=0 i=0
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Log-Linear Version: Capital

If the technology shocks are independent, i.e. E [e;es] =0if t # s,

00 . 2
var (k) = C? ;) B%var(e) = ﬁvar(s)
where
2 2
C72var(£> _ (0 +n) i
1-B (1+n)2—[14+6n—05(1-0)]

Assuming that 6 = 0.1, c = 0.2, n =0.02 and 8 = 0.36

@ variance of capital around its stationary state is 0.0955 times the
variance of the shock to technology.
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Log-Linear Version: Output

Variance of technology shock relative to variance of output.
Log-linear version of the production function (found from)
ve = Aetk!
Replace the variables with shocks around stationary states to get
et = Aettklelk
which is approximated by

y(1+y) = A(l+e)k® (1+0k)
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Log-Linear Version: Output

yA+y:) = A(l+e)k® (1+06k)
Remove the stationary state value of output to get

yye = AkPe, + AP0k, + AkPe, 0k,

Since 1k ~ 0 and y = Ak?, this expression becomes

}71_- = €t+6Et
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Log-Linear Version: Output

To find the approximate variance of y; we use the fact that &; is
independent of €; (equation 5) and calculate

var(y:) = E [y
= E [(et‘f’elgt) (8t+6[€t”
= var(e;) + 0%var (k)

For the same parameter values, we find var(y;) = 1.0123var(¢;).

@ This means that for the Solow model, the variance in output is
almost exactly equal to the variance in the technology shock.
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Log-Linear Version: Output

For the same parameter values, we find var(y;) = 1.0123var(e;).

@ This means that for the Solow model, the variance in output is
almost exactly equal to the variance in the technology shock.

In the model, the shocks show very little persistence.

@ With our parameter values, a technology shock in period t accounts
for only 1.23 percent of the variance in output in period t + 1.

@ The Solow model does not do a good job of explaining either the
variance in output or the persistence of output shocks.
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Capital
2.8 4
2.7 - Simulation of exact model
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FIGURE 1.3 Simulations of the exact and log-linear Solow model

Figure: Exact vs. Log-Linear Solow Model
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The General Solow Model

In the basic Solow model: no growth in GDP per worker in steady state.
This contradicts the empirics for the Western world.

In the general Solow model:

@ Total factor productivity, By, is assumed to grow at a constant,
exogenous rate.

e This implies a steady state with balanced growth and a constant,
positive growth rate of GDP per worker.

@ The source of long-run growth in GDP per worker in this model is
exogenous technological growth.
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The Micro World of the General Solow Model

is the same as in the basic Solow model, except for one difference:
the production function.

There is a possibility of technological progress:
Y, = B KL

The full sequence (B;) is exogenous and B; > 0 for all t.

@ Special case is By = B (basic Solow model).
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The Production Function with Technological Progress

Solow Growth Model: Theory to Dynare

o Y, = B:KXLI™® with a given sequence (B;) <=

o Y: = K (A¢L:)" ™" with a given sequence (A;), where
A = (Bt)l/l :

With a Cobb-Douglas production function it makes no difference whether
we describe technical progress by a sequence, (B;), for TFP or by the
corresponding sequence, (A;), for labour augmenting productivity. In our
case, the latter is the most convenient.
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Solow Growth Model
Solow Growth Model: Theory to Dynare
Solow Model - Dynare

The Production Function with Technological Progress

The exogenous sequence, (A¢), is given by:

Aty = (1+g)A, g> -1
Ay = (1+g)tA0'

Technical progress comes as "manna from heaven” (it requires no input
of production).
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Solow Growth Model: Theory to Dynare

The General Solow Model

Remember the definitions: y; = Y:/L; and ks = K;/L:.

Dividing by L; on both sides of Y; = K{ (A; Lt) * gives the per capita
production function:

Yt = k?A%_’X
From this follows:
|nyt—|nyt,1 = (X(In kt—ln kt,1)+(1—0é) (|nAt—|nAt,1)
g = agf+(1-n)gl

g = agf+(l—a)g
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The General Solow Model

gl Zagf+(1—n)g

Growth in y; can come from exactly two sources

o g/ is the weighted average of g/ and g with weights & and (1 — «a).
e If, as in balanced growth, k;/y; is constant, then g/ = g!
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Solow Growth Model
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The Complete Model

Yy = KY(AlL)'™®

Kt a—1
T ”‘(AtLt)

K o
Wy = (]_ — 0() (Atzt> At

St = sY:
Kit1— Ke = St—0K;
Levy = (14 n)L;
Avi1 = (1+g)A:

Parameters: «, s, 4, g and n.
State variables: K, L, and A¢; given Kp, Lg and Ag.
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Solow Growth Model: Theory to Dynare

The Complete Model

Note:

rth = (Kt)“ (AtLt)lia = lXYt
wely = (1—a) (K)"(All) ™ = (1—a)Y;

o Capital’s share «, labour’s share (1 — ), pure profits is zero.

Define " effective labour” as L; = A;L;:

Livi=0+n1+g)L; = (1+a)L;

The model is mathematically equivalent to the basic Solow model with
L, taking the place of L;, and A taking the place of n, and with B = 1!
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Analyzing the General Solow Model

Solow Growth Model: Theory to Dynare

If the model implies convergence to a steady state with balanced growth,

then in steady state k; and y; must grow at the same constant rate. Also
recall:

gl =agf+(1—a)g
Hence, if g/ = gf, then g} = gf = g/

@ If there is convergence towards a steady state with balanced growth,
then in this steady state k; and y; will both grow at the same rate
as B; and hence k;/A; and y;:/A: will be constant.

Kt/I:t = Kt/(AtLt) = k¢/ At and Yt/[:t = Yt/(AtLt) = }/t/At
converge towards constant steady state values.
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Analyzing the General Solow Model

Solow Growth Model: Theory to Dynare

1. Define: y: = y:/A:s = Yi/AeLs and ky = ke /Ar = Ki/ AslLs.
2. From Y; = K¢ (AtLt)l_’X, we get y, = k¥
3. From S; = sY; and Ki11 — Ky = S; — 0K; to get:

Kt+1 = Syt + (1 - 5)Kt

4. Divide by Ary1Lir1 = (14 g)(1+ n)A¢L: on both sides to find
that:

kep1 = ( (sye + (1 —0)ke)

14+n)(1+g)
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Analyzing the General Solow Model

Solow Growth Model: Theory to Dynare

5. Insert y; = k¥ to get the transition equation:

- 1 - -
kit1= ———~—— [skf + (1 —0)k

t+1 (1+n)(1+g)[ t ( )t]

6. Subtracting k; from both sides of the transition equation gives the

Solow equation:

1

S —
T 0+ (1+g)

[ski — (n+ g+ 0+ ng)k]
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Analyzing the General Solow Model

Solow Growth Model: Theory to Dynare

The transition equation:

e = ¢ ! [k + (1— 6)k]

1+n)(1+g)
The slope of the transition curve at any k; is:

dker1  saki 4+ (1-06)
dk:  (1+n)(1+g)

limp, o 9552 = 00 and limy o, 92 <1 <= (n+g+6+ng) > 0.
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Analyzing the General Solow Model

Solow Growth Model: Theory to Dynare

Some first conclusions:
@ In the long run, k; and J; converge to constant levels, k* and y*,
respectively. These levels define steady state.

@ In steady state, k; and y; both grow at the same rate as A;, that is,
at the rate g, and the capital output ratio, K;/ Y: = k:/y: must be
constant.
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Steady State

The Solow equation:

1

kepr—ke=
T 0+ (1+e)

[sl?;" —(n+g+d+ ng)l?t]

Together with k;y1 = k; = k* gives:

. d )
N n+g+dé+ng

&

o o ( S )l—m
Y n+g+dé+ng
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Steady State

Using 7+ = y:/A: and k; = k:/ A; we get the steady state growth paths:

1

S ﬂ
k= Af—
t t<n+g+5+ng>

o

S j
* — A - -
Ve t<n+g+5+ng>

Since ¢; = (1 — s)yt, then

_x

* S 1—«
=0 ()
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Steady State

It also follows from r; = « (l?t)“_l and wy = (1 —a)A; (l?t)“

-1
<n—|—g—|—(5+ng>

S 11—«
= (1—a)A| —m8
W ( ) t<n+g+5+ng>

There is balanced growth in steady state: k¢, y: and w; grow at the same
constant rate, g, and r; is constant.

@ There is positive growth in GDP per capita in steady state (provided
that g > 0 ).
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Steady State

«

S m
* — A 1_|_ t -
R

@

1-a
* — (1—=5)An(1 e S
ot ( 5o ) (n—i—g—|—(5—|—ng>

Golden rule: the s that maximizes the entire path, c;.

o Again: s™" =a.

The elasticities of y;” w.r.t. s and n+ g+ are again «/ (1 —«) and
—wa/ (1 —a), respectively.
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General Solow Model: Some Conclusions

Solow Growth Model: Theory to Dynare

Using the transition equation and the transition diagram we showed

convergence to steady state: k*, y*.

We derived some relevant steady state growth paths, e.g.,

o

S 1-a
*:A 1+ t -
o= Alire) <n+g+5+ng>

We showed that there is balanced growth in steady state with k;, y; and
w; growing at the same positive growth rate, g, and with a constant real
interest rate, r* — 4.

We showed and discussed empirics for steady state: The model
substantially underestimates the impact of the structural parameters on
GDP per worker!

Advanced Macroeconomics | CAEN/UFC - March 2019 Solow Growth Model



The General Solow Model

Analyzing the General Solow Model
Comparative Analysis in the Solow Diagram
Solow Model - Dynare

Solow Diagrams _

Solow Growth Model
Solow Growth Model: Theory to Dynare
Solow Model - Dynare

1

ko1 — ke = —— —— [sk* — k
t+1 t 1+n(1tg) [St (n+g+d+ng) t]
ket
kl»|=kf
%m(sfﬁﬁ—d)k',)
= kk ko K ‘és:”E“ K = = = 9

Advanced Macroeconomics | CAEN/UFC - March 2019 Solow Growth Model



The General Solow Model

Analyzing the General Solow Model
Comparative Analysis in the Solow Diagram
Solow Model - Dynare

Solow Growth Model
Solow Growth Model: Theory to Dynare
Solow Model - Dynare

Solow Diagrams
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Initially the economy is in steady state at &, s, 6, n and g.
The savings rate increases permanently from s to s’ > s.

=
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Oid Steady state: lzt = kt/At and yt = yt/At, and kt and Yt both
grow at rate g, the lower line below:
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Solow Growth Model: Theory to Dynare

Transition: k; = k;/A; grows from k* up to K+

@ The growth rate of k; jumps up and then gradually falls back to
zero.

o From k; = Ak, follows that gff = gf + g

During the transition, k; grows at a larger rate than g, and g¥ jumps up
and then falls gradually back to g.

The growth rate of y; jumps too, since g = agl + (1 —a) g”.
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Convergence in the Solow Model
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The General Solow Model: Conclusions
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@ Implications for economic policies are more or less the same as those
derived from the basic Solow model.

@ The model implies convergence to a steady state with balanced
growth and with a constant, positive growth rate of GDP per
worker. Thus, the steady state prediction of the model is in
accordance with a fundamental "stylized fact”. However, the
underlying source of growth, technological progress, is not explained.

@ The steady state prediction performs quite well empirically, but the
model underestimates the effect of the savings rate and the growth
rate of the labour force on income per worker.

@ The convergence prediction also performs well empirically, but the
model overestimates the rate of convergence.
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